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Abstract: Based on numerical results of a Silnikov equation, three period-doubling cascades, 
corresponding respectively to three different characters of the rotation number of a limit closed 
orbit, are studied, and the Feigenbaum constant is used successfully in the estimation of the 
critical parameter values for the period-doubling bifurcation. The conceptions of separaror and 
pseudo-attractor are also introduced in the discussion part of this paper. 
 
1. Introduction 
 
In the paper [1], the author considered the dynamical system (a particular 
Silnikov equation) 
 
           
 
 
 
 
 
  
  
           
  
  
           
  
  
                       
                             (1) 
 
and found that this system has two kinds of non-trivial attractors, one kind is with 
complex structures（maybe fractal structure）,  and the other kind is some spatial 
limit closed orbits （including the limit cycles）.  Some bifurcation phenomena about 
the limit closed orbits had also been discussed at that paper. 
 
The authors have noticed that the results mentioned above are in a good 
consistency with the theory of the period-doubling cascades which is studied 
systematically for the abstract dynamical systems by Evelyn Sander and James A. 
Yorke (ref. [2],[3]). 
 
Though, the abstract dynamical system may largely represent the fundamental 
properties of the autonomous ordinary differential equation system, but each 
concrete given ODE system has still its own particular bifurcation phenomena.  It is 
proven in this paper that the character of the rotation number is an important new 
conception for the determination of the series of period-doubling cascades.  This 
new conception comes just from our research to the particular ODE system (1).   
Besides, it is usually very difficult to find a concrete ODE system to realize all of the 
phenomena predicted by the theory of the period-doubling cascades of the abstract 
dynamical system.  
2 
 
Therefore, the study of the period-doubling cascades for a given ODE system 
has still its own particular significance. 
 
2. Some fundamental properties and facts of the system (1) 
 
The ODE system (1) has a series of nice properties for the study of the 
period-doubling cascades: 
 
P1.  The system (1) is symmetrical about the origin. It has three equilibrium points, 
          ,             and           >.  When    ,       , all of the 
three equilibrium points are saddle-focus type.  Concretely, the equilibrium point 
   has a one-dimensional stable manifold    
      and a two-dimensional unstable 
manifold    
      that is corresponding to a pair of conjugate eigenvalues with 
positive real part, while both equilibrium points    and    have, respectively, a 
one-dimensional unstable manifold    
      and a two-dimensional stable manifold 
   
      (i=1,2) that corresponds to a pair of conjugate eigenvalues with negative 
real part. 
 
P2.  When    ,         (the recent numerical results show          ), then  
the closed set 
 
                             
                    
                  
                                                         (2) 
 
is bounded.  The phase space of system (1) has an invariant sub-manifolod M, 
which is the region between the two-dimensional stable manifolds    
      and 
   
     , and all of the integral orbits in M approach       . 
 
The following figures (in the case,    ,        ) are used to show these 
conceptions and facts intuitively. 
 
    
                     Figure 1.    
                                          Figure 2.    
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Figures 1 and 2 shows the two-dimensional stable manifolds    
      and 
   
       respectively, where each manifold is expanded with its integral curves 
(colored green).  
 
Figure 3 shows the set        (colored purple), which is a nontrivial attractor 
with complex structure. Figure 4 shows an integral curve (colored blue) approaches 
the attractor       . 
 
  
              Figure 3.                               Figure 4. An integral curve approaching        
 
Figure 5 and 6 shows the geometrical relations between the above-mention 
objects from two different viewing angles. 
 
  
Figure 5. From one viewing angle                  Figure 6. From another viewing angle 
 
It is easy to see this invariant manifold M is quite similar to the one used in the 
article [3]. 
 
Besides the general properties P1 and P2, the attractor may be a spatial closed 
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orbit with a certain rotation number about the corresponding branch of the 
one-dimensional stable manifold    
      (ref. [1]).  The rotation numbers of the 
system (1),  found numerically by now, are in three different series: 
 
Series 1.              ,     
Series 2.                        , 
Series 3.                     
 
It is easy to see that the three numbers,      and   are the character of the 
three series of rotation numbers respectively. Clearly, it is easy to give a general 
definition to the topological character of rotation number for a given limit closed 
orbit in a strict way.  However, in order to concentrate to the study of the relevant 
phenomena first, this paper would like to neglect the strict and general definition.   
 
When the corresponding parameter   varies, there would be a series of critical 
values (bifurcation points) for the sudden change (doubling) of the rotation number. 
If the rotation number of a closed orbit is doubling, the periodic of the closed orbit 
is also doubling obviously. So the above-mentioned three series must correspond 
to three cascades of period-doubling.  
 
The numerical results show that the three series of critical values are 
distributed in three different intervals of the parameter  .  This fact shows the 
importance of the topological character of rotation number of the closed limit orbit. 
 
The next section will introduce the concrete numerical results for these 
cascades. 
 
 
3. Period-doubling doubling and Feigenbaum constant 
 
3.1 Period-doubling bifurcation for series 1. 
 
If           , the bifurcation points are distributed as 
 
                                                 (3) 
 
such that,  
 
(1.1) when         , the system (1) has a unique limit cycle of rotation number 
1; 
(1.2) when            , the system (1) has a pair of spatial limit closed orbits 
of rotation number   , they are symmetric about the origin; 
(1.3)                . 
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The numerical results show that,            ,            ,            , 
           , and              .   
 
Figure 7 shows the unique limit cycle of (1) in the case         . 
  
                                Figure 7. Single limit cycle 
Figure 8 shows the pair of symmetric limit cycles in the case            , 
which are separated just from a single limit cycle.   
 
              
                       Figure 8. A pair of symmetric limit cycles 
 
Figure 9 shows the pair of symmetrical limit cycles in the case         .  
Figure 10 shows the pair of symmetrical limit orbits with rotation number 2 after the 
period-doubling in the case         .  
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         Figure 9. The pair of limit cycles                 Figure 10. The pair of limit closed orbits 
            before period-doubling                              after period-doubling 
 
Figure 11 shows one of the pair of limit closed orbits of rotation number 2 in the 
case         , just before period-doubling. Figure 12 shows the limit closed orbit 
of the rotation number 4 in the case         , after the period-doubling. 
 
 
Figure 11. One limit closed orbit of rotation number 2    Figure 12. The limit closed orbit of rotation number 4 
            before the period-doubling                                after the period-doubling 
 
Figure 13 shows one of the pair of limit closed orbits with rotation number 4 in 
the case         , just before period-doubling. Figure 14 shows one limit closed 
orbit with the rotation number 8 in the case         , after the period-doubling.  
Figure 15 shows an enlarged part of the Figure 14, so that the rotation number 8 can 
be seen clearer. 
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Figure 13. One limit closed orbit of rotation number 4     
                              before the period-doubling    
                                         
Figure 14. The limit closed orbit of rotation number 8                 Figure 15. Enlarged part of Figure 14 
              after the period-doubling 
 
    Obvious, it is a difficult issue to estimate exactly the rotation number for the 
numerical method when the number is large. The estimation of        is more 
difficult. 
 
    However, the dynamical system theory may provide some help for the 
estimation of some critical values and       .  It is well known that, in the dynamical 
system theory, there is a famous Feigenbaum constant,            .  The 
following is a brief introduction in Wikipedia: 
 
The first Feigenbaum constant is the limiting ratio of each bifurcation interval 
to the next between every period doubling, of a one-parameter map 
8 
 
           
where      is a function parameterized by the bifurcation parameter a. 
It is given by the limit:  
                
         
       
                                           
where    are discrete values of   a at the  th period doubling. 
 
Though this constant is obtained in the case that the mapping      is for the 
one dimensional veriable  , but the constant is believed to be universal.  So, it is a 
good chance here to test the universality of this constant in the following way: 
 
Let the bifurcation value     be treated as   , and assume that the equality 
                       
         
       
                                (4) 
 
is satisfied approximately for     ,              . Since we have numerically 
obtained             and            , then from (4), it is easy to get the 
following estimations 
 
                               
         
 
                              (5) 
and 
                                 
         
   
 
 
 
                             (6) 
 
    
Figure 16. The limit closed orbit of rotation number 8                 Figure 17. Enlarged part of Figure 16 
             in the case          
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Based on the direct numerical calculations,  Figure 16 and 17 shows that the 
rotation number of the limit closed orbit is 8 in the case          
 
Figure 18 and 19 shows clearly that the that the rotation number of the limit 
closed orbit is 16 after a period-doubling bifurcation in the case         .  So, 
the direct numerical calculation of the system (1) gives            .  This result 
shows that (5) gives a very good approximation for the bifurcation value     .  
    
Figure 18. The limit closed orbit of rotation number 16                 Figure 19. Enlarged part of Figure 18 
     after a period-doubling in the case          
 
Figure 20 and 21 shows that the set        is formed with limit closed orbits in 
the case          
 
   
Figure 20.  The set        in the case                     Figure 21. Enlarged part of Figure 
 
Figure 22 and 23 suggests that the set        should not be formed with spatial 
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limit orbits in the case         .   
 
   
Figure 22.  The set        in the case                      Figure 23. Enlarged part of Figure 22 
 
This fact shows that (6) gives a surprisingly good estimation for       . 
 
3.2  Period-doubling bifurcation for series 2. 
 
When the parameter   is in the closed interval              , the set        has a 
complex structure.  This paper would not try to explore the complex structure of 
the set        in this parameter interval.  Numerical test shows that            .   
 
 
Figure 24. The set         in the case          
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In fact, Figure 24 shows that the set        has still complex structure in the 
case         , and Figure 25 shows the set        is a single spatial limit closed 
orbit with rotation number 13 in the case         .  This orbit is symmetrical 
about the origin.  
 
 
Figure 25. The limit closed orbit with rotation number 13 
 in the case          
 
Assume that, when the parameter   is in the open interval,              , the set 
       is formed with a single limit closed orbit of rotation number  
     
(         ), and the limit closed orbit is symmetric about the origin.  There 
should be a series critical values,     ,          ,  distributed as follows 
 
                                 
 
such that 
 
(2.1)  when            , the system (1) has a unique limit closed orbit of rotation 
number 13; 
(2.2) when              , the system (1) has a pair of spatial limit closed 
orbits of rotation number      ; 
(2.3)                 . 
 
    Figure 26 shows that the rotation number of the limit closed orbit is 13 in the 
case          
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Figure 26. The limit closed orbit with rotation number 13 
 in the case           
 
Figure 27, especially Figure 28 (the enlarged part of Figure 27), shows the 
rotation number of the limit closed orbit has been doubled to 26 in the case 
         . 
 
   
Figure 27.  The limit closed orbits                        Figure 28. Enlarged part of Figure 27  
in the case           
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The above facts show that               
 
    Figure 29 and 30 shows the rotation number of the limit closed orbit has been 
doubled to 56 in the case            . 
 
      
Figure 29.  The limit closed orbits                        Figure 30. Enlarged part of Figure 29  
in the case            
 
From Figure 28 and 30, it is easy to see that               .   
 
Since                    ，the further numerical calculations and checks for 
     ,      ,  , become difficult more and more.  Instead, the value of         may 
be obtained by the estimation 
                              
           
   
 
 
 
                      (7) 
 
   
Figure 31.  The limit closed orbits                        Figure 32. Enlarged part of Figure 31  
in the case            
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Based on the numerical calculation, Figure 31 and 32 shows that, the set        
is still formed with a limit closed orbits in the case           , though its rotation 
number is difficult to be counted. 
 
However, the numerical calculation suggests that the set         should not be 
formed with a limit closed orbits.  See Figure 33 and 34.   
 
   
Figure 33.  A branch of                                Figure 34. Enlarged part of Figure 33  
in the case            
 
So, the Feigenbaum constant is proven to be very effective for the estimation of 
       . 
 
3.3  Period-doubling bifurcation of series 3. 
 
The numerical results show that there is an open interval             for the 
parameter  , such that, the system (1) has a pair of spatial limit closed orbits with 
rotation number,     ,          .   
 
The numerical test suggests that           , since the set        is with 
complex structure when          (see Figure 35), and the set        is formed 
with a pair of limit closed orbits with rotation number 3 when          (see 
Figure 36，37). 
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Figure 35. The set         in the case          
 
    
Figure 36. One limit closed orbit                      Figure 37. Another limit closed orbit 
in the case                                         in the case          
 
There should be a series critical values,    ,          , of the parameter  , 
distributed in the interval             satisfying 
 
                            
 
such that 
 
(3.1)  when          , the system (1) has a unique limit closed orbit of rotation 
number 3; 
(3.2)  when            , the system (1) has a pair of spatial limit closed orbits 
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of rotation number     ; 
(3.3)                  . 
 
By the similar numerical tests for the series 1 and series 2,  the following two 
critical values are obtained as follows 
 
                              ,             
 
But, it is very difficult to calculate the other critical values, limited by the numerical 
method. 
 
However, based on the theory on Feigenbaum constant, we may obtain two 
estimations 
 
                              
         
 
                      (8) 
 
                                    
         
   
 
 
 
                     (9) 
 
    Figure 38 shows the rotation number of the limit closed orbit is still 12 in the 
case           
 
Figure 38. The limit closed orbit in the case           
 
    Figure 39 shows the rotation number of the limit closed orbit has been doubled 
to 24 in the case           
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Figure 38. The limit closed orbit in the case           
 
The numerical test suggests that the set        might still be formed with a pair 
of closed limit orbit in the case          (see Figure 40), and that the set         
should not be formed with limit closed orbits in the case          (see Figure 41). 
 
 
Figure 40. One branch of the set         in the case           
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Figure 41.  One branch of the set         in the case          
 
Again, we found that the estimations (8) and (9) are surprisingly effective.  
The universality of the Feigenbaum constant has been proven for the system (1). 
 
4. Some Further Discussion 
 
Clearly, besides the discussed three series of the period-doubling cascades, 
there are still more complicated phenomena to be studied, for instance, in the 
interval              , there exist still other possible parameters, such that the 
system (1) has closed limit orbit.   
 
 
Figure 41.  The closed limit orbit in the case          
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For an instance, when         , the system (1) has a closed limit orbit with 
rotation number 13 (see Figure 42).  
 
So it is in need to have more detailed research for the whole region of the 
parameter.  It is quite possible to find more interesting phenomena.  
 
It is a reasonable consideration that most of the bifurcation phenomena for the 
system (1) can be explained with the theory of the period-doubling cascades for the 
abstract dynamical systems given by Evelyn Sander and James A. Yorke.  In fact, 
for a given closed limit orbit, one can define the Poincaré (or the first return) map 
of the system (1) (ref. [4]), it may play the role of the smooth one-parameter 
families of maps used in the abstract dynamical system theory.  
 
However, this paper shows that there are still some particular bifurcation 
phenomena belonging to the ODE system (1), for instance, the dependence of the 
cascades on the topological character of rotation number of the limit closed orbit, 
This property has not been described in the present abstract dynamical system 
theory.   
 
Another important issue should be mentioned here. Since the system (1) is 
symmetrical about the origin, sometimes，there are two symmetrical directions to 
go for the integral curves in the region M between the two stable manifolds    
      
and    
     ,  for instances, the two symmetrical limit closed orbits, or the two 
pseudo “gaps” located respectively on the two manifolds (see ref. [1]).  By the 
continuous dependence of the integral curve on its initial values, the region M 
between the two manifolds should be separated into two open sub-regions and a 
non-empty closed sub set  , which is an invariant set of the system.  Since this set 
plays the role to separate the region M, it will be called a separator of the system 
(1).  
 
On the separator   , an integral curve cannot approach to any one of the 
above-mentioned two directions.  Where would the integral curves on   approach 
to?  It is a reasonable conclusion that there should be a pseudo-attractor         
on  ,  such that the integral curves on   approach to it.  In the case that the 
system (1) has a pair of symmetrical limit closed orbits, the pseudo-attractor may 
be formed with some closed cycle(s).  And in the case that there exist two pseudo 
gaps, the pseudo-attractor         may be just the so-called “faint attractor”, 
which was discussed in [1].  
 
It is quite possible that the measure of the set   is just zero,  so that the 
chance to find numerically the pseudo-attractor         is zero.  The more 
detailed discussion on the separator  , the pseudo-attractor         and faint 
attractor will be discussed in other papers.  
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The facts established for the system (1) have shown that this system is just an 
ideal model of the three-dimensional autonomous ODE system in the research of 
the bifurcation and chaos theory. 
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